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ABSTRACT
The “Minimal Massive Gravity” (MMG) model of massive gravity in three space-
time dimensions (which has the same anti-de Sitter (AdS) bulk properties as “Topo-
logically Massive Gravity” but improved boundary properties) is coupled to matter.
Consistency requires a particular matter source tensor, which is quadratic in the stress
tensor. The consequences are explored for an ideal fluid in the context of asymptot-
ically de-Sitter (dS) cosmological solutions, which bounce smoothly from contraction
to expansion. Various vacuum solutions are also found, including warped (A)dS, and
(for special values of parameters) static black holes and an (A)dS2 × S1 vacuum.
1 Introduction
The three-dimensional (3D) massive gravity model known as “Topologically Massive
Gravity” (TMG) [1] has attracted much attention over the last decade, particularly in
the context of asymptotically anti-de Sitter (AdS) boundary conditions for which there
is the possibility of a consistent quantum completion via a holographically dual confor-
mal field theory. However, using the methods initiated in the context of 3D Einstein
gravity by Brown and Henneaux [2], one finds that one of the two (left/right) central
charges (which differ because TMG violates parity [3]) must be negative whenever the
bulk spin-2 mode has positive energy, i.e. is not a “ghost”; as reviewed in [4].
An alternative to TMG that circumvents this problem was recently proposed [5].
It has identical bulk properties to TMG but boundary central charges that are both
positive within a range of the parameter space. This model was called “minimal massive
gravity” (MMG), partly because it shares with TMG the feature of propagating a single
spin-2 mode, with no other local degrees of freedom, and partly because its equation
of motion is such that coupling to matter appears impossible. The latter point can be
understood by inspection of the MMG equation, which is
Eµν ≡ Λ¯0 gµν + σ¯Gµν + 1
µ
Cµν +
γ
µ2
Jµν = 0 , (1.1)
where σ¯ and γ are dimensionless constants, Λ¯0 is a cosmological parameter (with di-
mensions of mass-squared) and µ is the TMG mass parameter; we use the notation
of [5] for ease of comparison. When γ = 0 this equation is the (cosmological) TMG
equation, with G the Einstein tensor and C the Cotton tensor; the new feature of
MMG is the J tensor, which is1
Jµν =
1
2 det g
εµρσεντηSρτSση , (1.2)
where Sµν is the 3D Schouten tensor. The novelty of this particular curvature-squared
extension of TMG is that the J-tensor does not satisfy a Bianchi-type identity; in fact,√
− det g DµJµν = ενρσSρτCστ . (1.3)
This means that the MMG equation is not the Euler-Lagrange equation for any action
constructed from the metric and its curvature tensor. In spite of this, the MMG equa-
tion is consistent because it implies that the right hand side of (1.3) is zero; in other
words, the J tensor may be viewed as a kind of stress tensor for the metric that is
conserved by virtue of the metric equation, even when that equation includes J itself.
Following [5], let us now consider how MMG might be coupled to matter, repre-
sented by some stress tensor T satisfying the usual conservation condition
DµTµν = 0 (1.4)
1This differs by a sign from the definition of this tensor in the published version of [5] (and v3
on the arXiv) because there is a mismatch there between the dreibein and tensor formulations; the
results of [5] that relate the two, which we shall use later, are valid for the definition of J given here.
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as a consequence of the matter equations of motion. For TMG we only have to modify
the source-free equation to Eµν = Tµν (for a particular choice of units for the 3D Newton
constant), but this equation is inconsistent for MMG; it implies, because of (1.3), that
ενρσSρ
τTτσ = 0. This is an unacceptably strong constraint because it requires the stress
tensor to be proportional to the Einstein tensor, which implies (in 3D) the absence of
any propagating modes.
Although the standard matter coupling is not available when γ 6= 0, we could
consider an equation of the form
Eµν = Tµν , Tµν = Tµν + O (γ) , (1.5)
in which case consistency requires the source tensor T to satisfy, as a consequence of
(1.4) and hence of the matter equations of motion,
DµT
µν =
γ
µ
√− det g ε
νρσSρ
τ
Tστ . (1.6)
The main result of this paper is a construction of such a source tensor for MMG. This
construction leads directly to a simpler parametrization in which the cosmological
parameter Λ¯0 is replaced by the constant energy density of a “dark energy” source,
and in this parametrization we are able to express the matter source tensor directly in
terms of the source-free parameters.
We explore the consequences of this result in the simple context of FLRW cosmology,
i.e. time-dependent but homogeneous and isotropic solutions with an ideal fluid source
of energy density ρ and pressure p, for which
Tµν = (ρ+ p)uµuν + p gµν , (1.7)
where uµ is the fluid 3-velocity. Assuming a linear equation of state, we find that MMG
leads to the same Friedmann equation as TMG but with the energy density of the fluid
replaced by a γ-dependent “effective energy density” ρeff(t). Focusing on the case of
flat universes, we show that the big-bang singularity of the TMG case is replaced by a
smooth “bounce”, so that the complete spacetime is asymptotic to the same de Sitter
(dS) spacetime in both the far past and the far future. This appears to be a further
illustration, now in the context of dS vacua, of how MMG has better short distance
behaviour than TMG.
In some respects, MMG is similar to the parity-preserving “New Massive Gravity”
(NMG) model of massive 3D gravity [6]. For example, the trace of the J-tensor is
the same (up to normalisation) as the trace of the curvature-squared K-tensor of the
NMG equation, which is proportional to the curvature-squared scalar K that appears
in the NMG action. It is not clear to us whether this remarkable coincidence has any
significant implications, but the fact that both models involve curvature-squared terms
leads, in the context of maximally-symmetric vacua, to a quadratic equation for the
cosmological constant Λ in terms of the cosmological parameter, i.e. Λ¯0 for MMG.
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Generically, therefore, there are two possible values of Λ for each choice of Λ¯0, or none,
but for a special value of Λ¯0 (which will depend on the other parameters) there is
a unique value of Λ, i.e. a unique maximally-symmetric vacuum. For NMG, special
vacuum solutions become possible at this “merger point” (as we shall call it here); these
include static black hole spacetimes that are asymptotic, but not locally isometric, to
the (A)dS vacuum [7]. We show here that MMG at the merger point admits essentially
the same solutions. In particular, by considering a special case, one may deduce the
existence of a Kaluza-Klein (A)dS2 × S1 vacuum and we have verified that this is a
solution of the MMG equation at (and only at) the merger point2.
In addition to admitting (A)dS vacua, TMG also admits “warped (A)dS” vacua
[9–12], and it was further shown in [13] that any model admitting such a vacuum also
admits black hole solutions that are locally isometric to it. Here we show that MMG
admits warped (A)dS vacua, and also that there is a warped equivalent of the merger
point for maximally-symmetric vacua.
We shall begin with a discussion of the vacua of MMG, in particular the dS vacua
and some other vacuum solutions, particularly those that become possible at the merger
point. We shall then move on to matter coupling, with a derivation of the source tensor
T that is needed for consistency, and we then use this result to investigate FLRW
cosmologies in MMG.
2 Some MMG vacuum solutions
Maximally symmetric vacua of MMG are solutions of the field equation (1.1) for which
Gµν = −Λgµν ; equivalently,
Sµν =
1
2
Λ gµν (2.1)
for some cosmological constant Λ. Using this in (1.1) yields the following quadratic
equation for Λ:
Λ¯0 − σ¯Λ + γ
4µ2
Λ2 = 0 . (2.2)
In the TMG case (γ = 0) the cosmological constant is uniquely fixed to be Λ = Λ¯0/σ¯.
In the MMG case (γ 6= 0) we have the two possibilities
Λ =
2µ
γ
[µσ¯ ±m] , m ≡
√
µ2σ¯2 − γΛ¯0 . (2.3)
It follows that there is no maximally-symmetric vacuum unless
µ2σ¯2 − γΛ¯0 ≥ 0 . (2.4)
This inequality is saturated when m = 0, which we shall refer to as the “merger point”;
in this special case, there is a unique maximally-symmetric vacuum with
Λ =
2µ2σ¯
γ
, Λ¯0 =
µ2σ¯2
γ
(m = 0). (2.5)
2This is again analogous to NMG, which also admits Kaluza-Klein vacua at its merger point [8].
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When Λ < 0, which implies an AdS vacuum, the graviton is a tachyon at the
merger point [5], but the focus of this paper will be on dS vacua. A modification of the
linearisation results of [5], so that they apply to a dS vacuum, leads to the conclusion
that the Higuchi lower bound on the graviton mass in dS space [14] is saturated at the
merger point, as is the case for NMG [7]. We shall now discuss some of these solutions.
2.1 Black holes and Kaluza-Klein vacua
The MMG equation (1.1) at the merger point admits asymptotically (A)dS black hole
solutions, analogous to those found for NMG [7]. The metric take the form
ds2 = Λ(r − r−)(r − r+)dt2 − dr
2
Λ(r − r−)(r − r+) + r
2dθ2 , (2.6)
where r+ ≥ r−. The Ricci scalar of these solutions is
R = 6Λ− 2Λ(r+ + r−)
r
, (2.7)
which shows that these solutions are not locally isometric to the (A)dS vacuum to
which they asymptote at large r. Their interpretation depends on the sign of Λ.
• Λ < 0. In this case we have an asymptotically-AdS black hole solution with an
event horizon at r = r+ and static exterior spacetime. When r− = r+ = r0 we
have the zero-temperature extremal black hole solution
ds2 = −(r − r0)
2
ℓ2
dt2 +
ℓ2dr2
(r − r0)2
+ r2dθ2 , (2.8)
where we have set Λ = −1/ℓ2. Following [15] we can examine the near-horizon
limit by using the coordinates
τ =
ℓ2
a
t , ρ =
r − r0
a
, (2.9)
and then taking the a→ 0 limit. The metric in this limit is
ds2 = ℓ2
[
−ρ2dτ 2 + dρ
2
ρ2
]
+ r20dθ
2 , (2.10)
which is AdS2 × S1.
• Λ > 0. In this case r = r+ is the cosmological horizon of a static dS vacuum,
and if r− > 0 we have a black hole in the vacuum with horizon at r = r−. The
metric is static for r− < r < r+. This static region does not disappear in the
r− → r+ limit because the proper distance between the two horizons remains
finite; instead it becomes a metric on dS2 × S1. This can be seen by setting
r± = r0 ± a (2.11)
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and introducing the new coordinates
τ = Λat , ρ =
r − r0
a
. (2.12)
After taking the a→ 0 limit we find the metric
ds2 = Λ−1
[
− (1− ρ2) dτ 2 + dρ2
1− ρ2
]
+ r20dθ
2 (2.13)
which is a static metric on dS2 × S1; the coordinate singularities at ρ = ±1 are
two equal-temperature cosmological event horizons.
We have just deduced the existence of an (A)dS2 × S1 vacuum at the merger point.
We have verified this directly and we have also verified that these Kaluza-Klein vacua
are not solutions of MMG away from the merger point. They are also not solutions of
TMG.
2.2 Warped (A)dS vacua
MMG also possesses warped (A)dS vacuum solutions of all varieties. The spacelike
warped AdS3 metric is
ds2 =
ℓ2
(ν2 + 3)
[
−dt2(1 + r2) + dr
2
1 + r2
+
4ν2
ν2 + 3
(du+ rdt)2
]
. (2.14)
where the (non-zero) warp parameter ν may be assumed positive without loss of gen-
erality. This metric reduces to AdS3 with Λ = −1/ℓ2 when ν2 = 1. Other warped
(A)dS vacuum metrics can be obtained from it by analytic continuation and/or (for
null warping) by taking the (ν → 1) limit [13, 16].
The metric (2.14) solves the MMG equation (1.1) when its parameters ν and ℓ are
related to (σ¯, γ, µ) by
4µℓ
[−6ν3 + 6ν + Λ¯0µℓ3 + (3− 2ν2) σ¯µℓ]+ γ (3− 2ν2)2 = 0 , (2.15)
which is a deformation of equation (2.2), and by
(ν − 1) [γ (2ν2 − 3)− 2µℓ(3ν + σ¯µℓ)] = 0 , (2.16)
which is trivially satisfied when ν = 1 and otherwise equivalent to the equation
2µℓ (3ν + σ¯µℓ) = γ
(
2ν2 − 3) . (2.17)
Using this last equation in (2.15) we deduce that
3µℓ
[
ν2 −
(
σ¯µℓ
3
)2]
+ 2γ
(
−ν3 + ν + Λ¯0µℓ
3
6
)
= 0 (2.18)
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Both this equation and (2.17) are consistent with the TMG result that ν = |σ¯µℓ| /3,
which is found on setting γ = 0. Since warped (A)dS black holes are obtained by
discrete identifications of this class of solutions [13], it follows that they also solve
MMG under the same conditions.
A novel feature of MMG is that (2.15) is a quadratic equation for µℓ so that there
are generically two values (or none) for µℓ, but there is also a “warped merger point”
at which a unique value for µℓ is possible. At this point we find that
36ν2
(
1− ν2)2 = γ (3− 2ν2)2 [(3− 2ν2) σ¯ + Λ¯0ℓ2] (2.19)
This equation should apply only when γ 6= 0 (since there is no merger point when
γ = 0) and this is the case because its derivation assumed ν2 6= 1.
3 The MMG source tensor
Although the MMG equation (1.1) is not the result of varying any action for the
metric alone, there is an action involving auxiliary fields, given in [5], for which the
joint equations for the metric and auxiliary fields are equivalent to the MMG equation
for the metric alone; these equations both imply (1.1) and determine the auxiliary
fields in terms of the metric. The unusual feature of this action is that the auxiliary
fields are not determined by the auxiliary field equations alone; it is also necessary to
use the equation of motion that follows from variation of the metric (more precisely,
the dreibein). As a consequence of this feature, back-substitution of the expressions
for the auxiliary fields into the action is not legitimate; this step would produce a new
action for the metric alone but the variation of this new action would not then yield
(1.1). This much was already explained in [5].
The MMG action with auxiliary fields is given in [5] in terms of a dreibein 1-
form ea rather than a metric; the auxiliary fields are an independent dualized spin
connection 1-form ωa and another auxiliary Lorentz-vector valued 1-form ha. The
action is proportional to the integral of the following Lagrangian 3-form
LMMG = −σeaRa(ω) + Λ0
6
ǫabce
aebec + haD(ω)e
a +
α
2
ǫabce
ahbhc +
1
µ
LLCS , (3.1)
where Ra(ω) is the dualized curvature 2-form, D(ω) the exterior covariant derivative
and LLCS the parity-violating Lorentz-Chern-Simons term, all defined in terms of the
independent spin connection 1-form ωa (we refer the reader to [5] for details of the
conventions). Both σ and α are dimensionless parameters; it was assumed in [5] that
σ2 = 1 but here we drop this assumption.
We assume invertibility of the dreibein as this is needed to construct the metric,
and then to show that it satisfies the equation (1.1). Given this metric we can couple
it minimally to matter. If IM is the resulting generally covariant matter action; then
the symmetric (Belinfante) stress-tensor for matter in an arbitrary metric background
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is
Tµν = − 2√− det g
δIM
δgµν
. (3.2)
It is important to appreciate here that if an affine connection is needed to construct IM
then this must be the torsion-free Levi-Civita connection; in other words, we construct
IM so that it depends on e
a (through the metric) but not on ωa or ha. Since Imat
is diffeomorphism invariant, it then follows that the matter field equations imply the
condition (1.4). By this construction, the matter Lagrangian density is the dual of a
3-form LM with the following variation with respect to a variation of the dreibein
δLM = e T
µ
a δeµ
a , T µa = T
µνeν a , (3.3)
where e = det eµ
a.
We now consider the action matter-coupled MMG action
I = IMMG + IM . (3.4)
We aim to eliminate the auxiliary fields appearing in IMMG to get a modification of
the metric equation (1.1) that involves the matter stress tensor. We shall now spell
out the details of this computation. Following [5] we define the new spin-connection
Ωa = ωa + αha . (3.5)
The ha field equation still implies that Ω is torsion-free and hence equal to the standard
spin-connection constructed from the dreibein. An appropriate linear combination of
the ωa and ea field equations then gives
0 =
1
2
ǫµνρRνρ
a(Ω) + µ(1 + σα)2ǫµνρǫabceνbhρc +
αΛ0
2
ǫµνρǫabceνbeρc + αe T
µa . (3.6)
Here we use ǫµνρ to denote the tensor e−1εµνρ, where εµνρ is the invariant alternating
tensor density; it then follows that
ǫabc = ǫµνρeµ
aeν
beρ
c . (3.7)
Equation (3.6) can be solved for ha or, equivalently for hµν ; the solution is
hµν = − 1
µ(1 + σα)2
[
Sµν +
αΛ0
2
gµν + α(Tµν − 1
2
Tgµν)
]
, (3.8)
where Sµν is the Schouten tensor; as this is symmetric when defined in terms of the
usual torsion-free connection, we deduce that hµν is symmetric.
The other independent linear combination of the ωa and ea equations of motion is
0 = ǫµνρDν(Ω)hρ
a − α
2
ǫµνρǫabchνbhρc + σµ(1 + σα)ǫ
µνρǫabceνbhρc
+
Λ0
2
ǫµνρǫabceνbeρc + e T
µa . (3.9)
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Substituting the expression for hµ
a into this equation gives the metric field equation.
When Tµν = 0 we recover the source-free equation (1.1) with
3
σ¯ = σ (1 + σα) +
α2Λ0
2µ2(1 + σα)2
, γ = − α
(1 + σα)2
(3.10)
and
Λ¯0 = Λ0
(
1 + σα− α
3Λ0
4µ2(1 + σα)2
)
. (3.11)
More generally, we find the equation (1.5) with source tensor
Tµν =
(
1 + σα+
α2γ
2µ2
Λ0
)
Tµν − α
µ
ǫµ
ρσDρTˆσν
+
αγ
µ2
ǫµ
ρσǫν
λκSρλTˆσκ +
α2γ
2µ2
ǫµ
ρσǫν
λκTˆρλTˆσκ , (3.12)
where
Tˆµν = Tµν − 1
2
gµνT . (3.13)
A drawback of the above result for the MMG source tensor is that it depends on the
parameters (σ, α,Λ0) appearing in the action, rather than on the parameters (σ¯, γ, Λ¯0)
that appear directly in the metric field equation. The former are determined in terms
of the latter by inversion of (3.10) and (3.11). Assuming the existence of a γ → 0 limit,
one can show that
α = −γ (1 + γσ¯)−2 + O (γ3)
σ = (1 + γσ¯) σ¯ − 1
2
γ2Λ¯0/µ
2 + O
(
γ3
)
Λ0 = (1 + γσ¯) Λ¯0 + O
(
γ3
)
, (3.14)
but no exact inversion formula is known. In this sense, the complete source tensor is still
given only implicitly in terms of the parameters of the source-free equation. However,
the approximate inversion equations (3.14) are exact when Λ¯0 = 0, and this suggests an
alternative approach: we could set Λ¯0 = 0 and then generate a cosmoslogical term by
including a constant “dark energy” component to the stress tensor. This indeed leads
to a simpler formulation of the MMG equation, as we detail in the following section.
4 An improved MMG parametrization
Let us now take the MMG equation to be
1
µ
Cµν + ηGµν +
γ
µ2
Jµν = Θµν(T ) . (4.1)
3These expressions agree with those given in [5] when σ2 = 1, as was assumed there. The expres-
sions given here are valid for arbitrary σ.
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where
Θµν(T ) = Tµν |Λ¯0=0, σ¯=η (4.2)
and we use the T -tensor
Tµν = −ρ¯ gµν + θµν , (4.3)
for some constant energy density ρ¯; the matter stress tensor is now θµν . On the left
hand side of this MMG equation we have replaced σ¯ by the new constant η, for reasons
that will become clear, and we have set Λ¯0 = 0. The idea is that the background energy
density ρ¯ in the source term will be equivalent to a cosmological parameter on the left
hand side, and we will confirm this intuition below.
First, we remark that there are two values of Λ0 that yield Λ¯0 = 0. From (3.11) we
see that these are
either : Λ0 = 0 ⇒ σ¯ = σ(1 + σα) , (case 1) (4.4)
or Λ0 = −4(1 + σα)
α2γ
µ2 ⇒ σ¯ = 1
α
(2 + σα) (1 + σα) , (case 2). (4.5)
Case 1 corresponds to an extension to all orders in γ of the perturbative inversion
formula of (3.14); in this case we may take the γ → 0 limit to recover TMG results. In
case 2 there is no TMG limit.
Next, we observe that since Λ¯0 = 0, it follows from (3.10) (with σ¯ → η) that
γ = − α
(1 + σα)2
, η =
{
σ(1 + σα) (case 1)
σ(1 + ασ) + 2
α
(1 + ασ) (case 2)
(4.6)
The advantage of the new form of the MMG equation is that we have an explicit
inversion of these relations, and we have it for either case:
α = − γ
(1 + γη)2
, σ =
{
η(1 + γη) (case 1)
η(1 + γη) + 2
γ
(1 + γη) (case 2)
(4.7)
Notice that the inverse map from (η, γ) to (σ¯, α) is identical to the map from (σ¯, α) to
(η, γ), which suggests that some deeper understanding of it should be possible. Notice
too that
(1 + σα) =
{
(1 + γη)−1 (case 1)
−(1 + γη)−1 (case 2) (4.8)
We can now eliminate the parameters (σ, α) from the source tensor in terms of the
parameters (η, γ) of the source-free MMG equation. Since Λ¯0 = 0 now, we find for
either case that
Θµν(T ) =
1
(1 + γη)
Tµν +
γ
µ(1 + γη)2
ǫµ
ρσDρTˆσν − γ
2
(1 + γη)2µ2
ǫµ
ρσǫν
λκSρλTˆσκ
+
γ3
2(1 + γη)4µ2
ǫµ
ρσǫν
λκTˆρλTˆσκ . (4.9)
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We now have an MMG equation with a source tensor Θ expressed in terms of the
dimensionless parameters (η, γ) of the source-free equation and a background energy
density parameter ρ¯.
Now we shall show that this reformulation of the MMG equation is equivalent to
the original formulation in which Λ¯0 may be non-zero and the source tensor is the
T -tensor as given in (3.12) . We first rewrite the equation for Θµν by decomposing
the T -tensor as in (4.2). Using the identity
ǫµ
ρσǫν
λκgσκ ≡ δλµδρν − gµνgρλ , (4.10)
one finds that
Θµν(T ) = − ρ¯
(1 + γη)
[
1 +
ρ¯γ3
4µ2(1 + γη)3
]
gµν − ρ¯γ
2
2µ2(1 + γη)2
Gµν + Tµν(θ) (4.11)
where4
Tµν(θ) = Θµν(θ) +
ρ¯γ3
2µ2(1 + γη)4
θµν
=
1
(1 + γη)
[
1 +
ρ¯γ3
2µ2(1 + γη)3
]
θµν +
γ
µ(1 + γη)2
ǫµ
ρσDρθˆσν (4.12)
− γ
2
µ2(1 + γη)2
ǫµ
ρσǫν
λκSρλθˆσκ +
γ3
2µ2(1 + γη)4
ǫµ
ρσǫν
λκθˆρλθˆσκ .
Taking over to the left hand side of the MMG equation the terms in Θµν(T ) proportional
to the metric and the Einstein tensor, we recover the E-tensor of (1.1) with
σ¯ = η +
ρ¯γ2
2µ2(1 + γη)2
, Λ¯0 =
ρ¯
(1 + γη)
[
1 +
ρ¯γ3
4µ2(1 + γη)3
]
. (4.13)
So a cosmological term is indeed generated by a “dark energy” component to the T -
tensor, but with a renormalization of the Einstein tensor coefficient. If we now choose
ρ¯ =
{
Λ0 (case 1)
Λ0 − 4γ3 (1 + γη)3µ2 (case 2)
(4.14)
and use (4.6) for η, we recover the expression of (3.10) for σ¯, and the expression (3.11)
for Λ¯0. Furthermore, for this choice of ρ¯ the tensor Tµν(θ) is, for either case, precisley
the original source tensor of (3.12) but with the renamed matter stress tensor.
Finally, we present some details of an explicit check of the consistency of the MMG
equation with source tensor. Recall that the requirement for consistency is that the
source tensor T satisfy (1.6). For the reformulation of the MMG equation in which
any explicit cosmological term is absent this consistency condition reads
DµΘ
µν(T ) =
γ
µ
ǫνρσSρ
τΘστ (T ) . (4.15)
4The hat notation has the same meaning as before, i.e. θˆµν = θµν − (1/2)gµνθ.
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Using the expression (4.9) for the Θ-tensor we find that
LHS =
γ
2µ(1 + γη)2
ǫµρσ[Dµ, Dρ]Tˆσν − γ
2
µ2(1 + γη)2
ǫν
λκCλσTˆ
σ
κ
+
γ2
µ2(1 + γη)2
ǫν
λκ
[
Sρλ − γ
(1 + γη)2
Tˆρλ
] (
ǫρµσDµTˆσκ
)
. (4.16)
Now we use, in the first term5
ǫµρσ[Dµ, Dρ]Tˆσν = 2ǫν
ρσSρλTˆ
λ
σ . (4.17)
In the second term we use the MMG equation in the form of (4.1) to eliminate C.
Freely using the identity
ǫρµσDµTˆσκ ≡ ǫκµσDµTˆσρ , (4.18)
we then find that
LHS = −γ
µ
ǫν
σρSρ
λ
[
1
(1 + γη
Tσλ +
γ
µ(1 + γη)2
ǫλ
µηDµTˆησ
]
(4.19)
+
γ3
µ3(1 + γη)2
ǫν
λκJλσTˆ
σ
κ +
γ4
µ2(1 + γη)4
ǫν
λκǫλ
αβǫσ
γδSαγ Tˆ
σ
κ .
Here we have used the fact that some terms with a factor of γ3 in the numerator cancel,
and that the term with a factor of γ5 in the numerator is identically zero. Next, we add
and subtract terms in the first line, and expand the term involving J in the second, to
get
LHS = −γ
µ
ǫν
σρSρ
λΘσλ(T )− γ
3
µ2(1 + γη)2
ǫν
σρǫσ
αβǫλγδSαβ
[
SρλTˆβδ +
1
2
SβδTˆρλ
]
+
γ4
µ2(1 + γη)4
ǫν
σρǫσ
αβǫλγδTˆβδ
[
Sαγ Tˆρλ +
1
2
SρλTˆαγ
]
. (4.20)
The second and third terms are identically zero, so we have
LHS = −γ
µ
ǫν
σρSρ
λΘσλ(T ) = RHS . (4.21)
5 Ideal fluid cosmologies
We will now look for solutions to the matter-coupled MMG equation for which the
metric takes the standard FLRW form
ds2 = −dt2 + a2(t)
(
dr2
1− kr2 + r
2dθ2
)
, (5.1)
5This makes use of the 3D identity Rµνρσ = gµρSνσ − gνρSµσ − gµσSνρ + gνσSµρ.
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where we may restrict to k = −1, 0, 1 without loss of generality, corresponding to open,
flat and closed 3D universes. For an ideal fluid source the tt component of the MMG
equation is
γ
[(
a˙
a
)2
+
k
a2
+ αρ
]2
− 4µ2σ¯
[(
a˙
a
)2
+
k
a2
+ αρ
]
= 4µ2
(
αρ
γ
− Λ¯0
)
. (5.2)
The remaining components of the MMG equation are then satisfied identically provided
that the matter stress tensor satisfies DµTµν = 0; for an ideal fluid this is equivalent
to the continuity equation
ρ˙ = −2
(
a˙
a
)
(ρ+ p) . (5.3)
Equation (5.2) can be rewritten in the Friedmann equation form
(
a˙
a
)2
+
k
a2
= Λ + ρeff , Λ ≡ 2µ
γ
(µσ¯ −m) (5.4)
where m is the mass parameter defined in (2.3), and the “effective” energy density is
ρeff = −2µ
γ
[√
αρ+m2 −m
]
− αρ . (5.5)
There are sign ambiguities inherent in the square roots. Here we choose the signs such
that the γ → 0 limit exists, and such that ρeff → ρ in this limit. Notice that (5.4) is
exactly the Friedmann equation in the source-free (ρ = 0) case; the MMG parameter γ
appears only in the equation relating the cosmological constant Λ to the parameters of
the model. Thus, source-free MMG cosmologies are precisely those of TMG. However,
the two models differ dramatically when a source is included, as we shall see.
If we assume a linear equation of state of the form6
p(t) = κρ(t) , −1 < κ ≤ 1 , (5.6)
then the continuity equation becomes, for ρ 6= 0,
2 (1 + κ)
(
a˙
a
)
+
(
ρ˙
ρ
)
= 0 , (5.7)
which implies that
ρ =
ρ0
a2(1+κ)
(5.8)
for some constant (co-moving) energy density ρ0.
Let us begin by supposing that ρ is small at late times; in this case, we have
ρeff = (1 + σα)
2 [1 + γ m/µ] ρ+ O
(
ρ2
)
(5.9)
6κ = −1 is equivalent to a cosmological constant, which is already included.
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at late times. Apart from the overall factor multiplying ρ, this leads to the standard
Friedmann equation, in which the density is negligible at late times, implying an ex-
panding, asymptotically dS, universe as |t| → ∞. Let us consider such a universe near
t =∞ and run the expansion backwards in time: as the universe contracts the density
increases. For simplicity we now restrict to the k = 0 case, for which the equation to
solve for ρ(t) is (
ρ˙
ρ
)2
= 4 (1 + κ)2 [Λ + ρeff ] . (5.10)
This equation requires the “total” energy density Λ + ρeff to be positive, but we can
rewrite this as follows:
Λ + ρeff =
[
Λ +
(
m+
µ
γ
)2]
− ξ2 , ξ =
√
αρ+m2 +
µ
γ
. (5.11)
Positivity of this expression implies an upper bound on the variable ξ. If α > 0 this
upper bound implies an upper bound on ρ. However, if α < 0 then there is already an
upper bound on ρ due to the requirement that αρ +m2 be non-negative, so we must
consider separately the cases of positive and negative α.
5.1 Positive α
In this case we have
ξmax =
√
αρmax +m2 +
µ
γ
, ξmax =
√
Λ +
(
m+
µ
γ
)2
. (5.12)
Near the maximum density we can write
ρ(t) = ρmax − δ(t) , (5.13)
in which case
Λ + ρeff =
(
ξmax
ξmax − µ/γ
)
δ + O
(
δ2
)
. (5.14)
Substituting this into (5.10) and ignoring non-linear terms in δ we find that
δ˙2 ∝ δ , (5.15)
which implies that δ ∼ t2 if we choose the time coordinate such that t = 0 when
ρ = ρmax. Notice that this solution is invariant under time reversal t → −t, as is the
full equation (5.10). This means that as the universe contracts (running it backwards
in time from t =∞) the density passes smoothly through a maximum value at which
the scale factor takes its minimum value, after which the universe re-expands (now
running backwards in time from t = 0 to t = −∞).
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In the special case that m = 0, which is the merger point, it is not difficult to find
the explicit solution. The equation to solve in this case is(
x˙
x
)2
= − (x− a+) (x− a−) , a± = µ (1 + κ)
γ
[
1±
√
1 + γ2Λ/µ2
]
, (5.16)
where
x = (1 + κ)
√
αρ , x > 0 . (5.17)
The restriction to positive x follows from the choice of signs of square roots that leads
to (5.4).
As γ is negative, we have a+ < 0 and a− > 0 when µ > 0. In this case we have the
further restriction x ≤ a−. Taking the square root on both sides of (5.16) then yields
x˙ = ±x
√
(a− − x) (x− a+) . (5.18)
Since x > 0 there is a one fixed point solution with x = a−; this corresponds to an
unstable Minkowski vacua with a constant energy density such that Λ+ρeff = 0. There
is also the time-dependent solution
x(t) =
−γ(1 + κ)Λ√
γ2Λ + µ2 cosh
[√
Λ(1 + κ)t
]
+ µ
. (5.19)
This is a time-symmetric solution that approaches the dS vacuum as |t| → ∞, and
passes smoothly through the unstable Minkowski vacuum at t = 0. The correspomding
solution for the scale factor is
a(t)κ+1 =
√
αρ0
|γ|Λ
(√
γ2Λ + µ2 cosh
(√
Λ(1 + κ)t
)
+ µ
)
, (5.20)
which shows that a(t) passes smoothly through a minimum value at t = 0.
Changing the sign of µ (so that µ < 0) flips the signs of a±, so now a+ > 0 and
a− < 0. Then (5.18) is replaced by
x˙ = ±x
√
(a+ − x) (x− a−) . (5.21)
and we have same solution as before, but with µ→ −µ. Notice that changing the sign
of µ, so that µ < 0, changes the solution since the maximum density, reached at t = 0,
is now larger. It would appear from this fact that the sign of µ is physically relevant
but here we should recall that we made a choice of sign for the square root in passing
from (5.2) to (5.4), and a change in this sign will cancel the effect of a change of sign
of µ. So the two distinct m = 0 cosmologies are both possible for either sign of µ.
5.2 Negative α
When α < 0 we have the bound ρ ≤ ρmax, where now ρmax = m2/|α|. At this maximum
density we can again write
ρ(t) = ρmax − δ(t) , (5.22)
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in which case
Λ + ρeff = Λ
(total)
max −
µ
√|α|
γ
√
δ + O(δ) , (5.23)
where
Λ(total)max = Λ +
(
m+
µ
γ
)2
− µ
2
γ2
. (5.24)
Since m is assumed positive and γ is positive when α < 0, we see that Λ
(total)
max > 0 when
Λ > 0, as we also assume here. This means that (5.10) now takes the following form
for small δ:
δ˙2 = c2 + O
(√
δ
)
, (5.25)
for some non-zero constant c. This implies that δ ∼ t near t = 0 (assuming again
that we choose the time coordinate such that t = 0 at the maximum density) so that
δ becomes negative for small negative t, violating the upper bound on ρ. There is
therefore a singularity at t = 0, but it is not a big-bang singularity because ρ is finite
and a 6= 0 at t = 0.
This singular behaviour suggests that the model is unphysical when α < 0, so we
must assume that α > 0, and hence that γ < 0.
6 Discussion
The recent 3D “minimal massive gravity” (MMG) model [5] resolves a number of the
difficulties of the much-studied “topologically massive gravity” (TMG) model in the
context of a possible holographic dual CFT in asymptotically anti-de Sitter spacetimes,
but it has very special properties that seem to rule out coupling to matter; this was one
reason for the epithet “minimal”, the other being that, like TMG, its only local degree
of freedom is a graviton with one polarisation state. In this paper we have shown that
matter coupling is possible but it requires a source tensor T that replaces the usual
stress tensor T in the coupling of matter to TMG. We have constructed this source
tensor explicitly; it turns out to be quadratic in the matter stress tensor.
The construction relies of the existence of an MMG action with auxiliary fields
(which can be eliminated from the resulting equations but not from the action itself).
As a result, the source tensor is found in terms of the parameters of this action rather
than in terms of the parameters in the source-free equation. The latter are definite
functions of the former but the inverse relation is needed to find the source tensor in
terms of the parameters of the source-free equation, and no explicit inversion formula
is known. However, our construction allowed us to circumvent this problem by moving
the cosmological term from the source-free part of the MMG equation to a dark energy
component of the source. This leads to a reparametrization of the the MMG equations
in terms of two dimensionless parameters of the source-free equation and the constant
background energy density, and in terms of these parameters we have found a closed-
form expression for the source-tensor.
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We have explored some of the consequences of this result in the context of cosmo-
logical solutions driven by a positive cosmological constant and an ideal fluid source
with a linear equation of state. For TMG one finds the usual Friedmann equation for
the scale factor of the (3D) universe, with the usual relation to the energy density.
In the MMG case the energy density gets replaced by an “effective energy density”,
which alters the solutions dramatically as the universe contracts; the usual big-bang
singularity is replaced (at least for flat universes) by a smooth bounce connecting two
isometric asymptotic de Sitter spacetimes. Of course, this has no obvious consequences
for 4D cosmology but it does illustrate how MMG has better short-distance behaviour
than TMG.
These cosmological results apply on the assumption that the sign of the parameter
γ in the MMG equation is negative, since positive γ leads to unacceptable singularities
at non-zero scale factor. The sign of γ is not actually physically significant by itself
because a change of sign in the MMG equation can be compensated by a change in sign
of the mass parameter µ and the other source-free parameters and a change in sign of
the source tensor, but we have effectively removed this sign ambiguity by a choice of
sign for the action. The same sign choice was made in [5], where it was then found that
γ > 0 is required for unitarity in AdS. This does not contradict the results found here,
of course, because the dS and AdS vacua correspond to disjoint regions of parameter
space. However, it would be interesting to see what the analogous implications are
for domain wall solutions asymptotic to an AdS vacuum, which may be related to the
cosmological solutions considered here by some extension of the cosmology/domain-
wall correspondence [17].
A novel feature of MMG, as compared to TMG, is that the cosmological constant Λ
of a vacuum solution of the MMG equation is determined by a quadratic equation, so
that there are generically either two possible maximally-symmetric vacua for a given
value of the cosmological parameter appearing in the MMG equation, or none. In this
respect, MMG is similar to the parity-preserving “new massive gravity” model. As in
that case, the “merger point” at which the two distinct maximally-symmetric vacua
coincide has special properties; in particular, we have shown here, for Λ 6= 0, that static
black hole solutions exist that are asymptotic but not locally isometric to the unique
(A)dS3 vacuum. In the extremal limit these solutions interpolate between the (A)dS3
vacuum and a Kaluza-Klein (A)dS2 × S1 vacuum.
We have also shown that MMG admits “warped (A)dS3” vacua, which raises the
question as to whether MMG still resolves the “bulk vs boundary clash” of TMG for
non-zero warp factor. We leave this and other “warped” issues to future research.
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